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Lee waves as an example
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* A NET reaction force is only felt in the layer where the wave decays/attenuates
*  This could be a LONG way from the action force (hill) = “action at a distance”

. . . . d
*  The wave transports energy and momentum between the hill and site of dissipation via form stresses f p’ dix' dx

*  Theforce is given by the decay of the form stress: F = %fp’ % dx
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Internal wave solutions

* Linearise z-coordinate equations about mean
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flow U and stratification 22 = N2

37 —— T e
* Assume no variationiny (ridge) , : : J
* Horizontal viscosity only = diffusivity ' ‘
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Internal wave solutions

* Linearise z-coordinate equations about mean

flow U and stratification Z—I; = N2

* Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity
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Internal wave solutions
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Internal wave solutions

* Linearise z-coordinate equations about mean

200

= e .. 0D
flow U and stratification —— = N*

* Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity
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Internal wave solutions

Linearise z-coordinate equations about mean

flow U and stratification Z—I; = N?

* Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity
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Internal waves in a continously stratified flow
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Dlsper5|on relation

Linearise z-coordinate equations about mean

200

ob
flow U and stratification >, =N 2 =

 Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity

0w 0w 0 0 52
(D2+f2)W+N2W=O D:(a U——V—)

10

dx dx?

Let w = Wel(kx+ Z—wt)

—m?((—iw+i kU +vk?)?+ f2)—k?N? =0

| _ { vk2 | What is the effect of this?

Recall: Internal wave dispersion relation
for 2-layered model

w= kU=++f2+k2g'h,
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Dlsper5|on relation

Linearise z-coordinate equations about mean

200

ob
flow U and stratification >, =N 2 =

 Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity
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2 4 f2 22 7 _ _ 2,2
(D2 + DS + N2 =2 =0 D—(a 72 vaxz)

Let w = Wel(kx+mz wt)

—m?((—iw+ i kU —vk?)? + f2) — k?N? = 0

2 N2
w=kU+ \/fz + kN7 _ i vk?2 | What is the effect of this? (Wave decays with time)

k2N? k2N
" ((w— kU+ k)2 —f2) ((w— kD)2 —f2 + 20vk%(w — k D))
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Dlsper5|on relation

Linearise z-coordinate equations about mean

200

ob
flow U and stratification — = N? =

* Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity

10

0w 0w 0 0 52
2 4 f2 22 7 _ _ 2,2
(D2 + DS + N2 =2 =0 D—(a 72 vaxz)

Let w = Wel(kx+mz wt)

—m?((—iw+ i kU —vk?)? + f2) — k?N? = 0

2 N2
w=kU+ \/fz + kN7 _ i vk2 | What is the effect of this? (Wave decays with time)

me2
Small dissipation approximation
, k?*N? k?*N? k?*N? ) 2ivk?(w — k U)
m = — = — — >~ — —_— —
((w— kU+ivk2)2—f2) ((w— kU)?—-f242ivk2(w—kU)) (w— kU)?—f? (w— kU)2 — f2
|k|N ivk?(w —k U) . .
m = \/( T 1-— (o= kD)= f2 = +my(1 — yi) Wave decays with depth
a) —



500

Internal wave solutions

* Linearise z-coordinate equations about mean

200

flow U and stratification 22 = N2

aZ m(’fk--'— e e = g, e e
e Assume no variationiny (ridge) ‘ j j J
* Horizontal viscosity only = diffusivity ' ‘
(D? + fz)—gzvzv + N? —aazw =0 Let w = ellkxtmz-wD)
Z X
|k|N ivk*(w —kU) \ _ L
ST e rEoE\ (w- kpE—pz) T Y

wW=Wwe {(kx—moz—wt)— Wave decays as it propagates upwards
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Lee wave solutions

Linearise z-coordinate equations about mean

200

ob
flow U and stratification >, =N 2 =

 Assume no variationiny (ridge)
* Horizontal viscosity only = diffusivity

2 2 :

(D? + £2) E;ZVZ" 4+ N2 aa)‘c” —0 Let w = v el(kxtmz-wt) Solution plotted here
|k|N . ivk*(w —kU) \ _ L
" T e ko E N (e ko —yz) T el Tyy

wW=Wwe i(kx— oz—wt)— Wave decays as it propagates upwards
Let w = 0 and we need a boundary condition
B, iy, LY, §-
= (u — oW =
o dx dx

5w =i kU R eitx-mon-yz
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Lee wave solutions

my = il w =i kU h eitkx—moz)-yz )
V(D)2 - f2 :

mg — N ——

 The wavenumber is only real (waves exist) for k U > f
* This is what we mean by “fast enough”




Lee wave form stress |
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Solution for vertical

velocity: W = f i kU h ettkx—moz)=vz . — [ wdk
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Lee wave form stress

300

Solution for vertical

velocity: W = fi kU h et(kx—moz)=vz jJ. — [ wdk
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Lee wave form stress

Solution for vertical
velocity: W = f i kU h ettkx—moz)=vz . _

_ [, 9
Form stress: F= P dx
on’ —10b
Equation tool kit: F = pa dx = fp madx
p5e
= —dax
7
_1 f d
=5 wp dx
7 wave energy flux

Db + N*w = Form stress = 7 M

Wave
energy flux
decreases
relative to
form
stress!

e.g. Bretherton (1969)



Lee wave form stress

Solution for vertical

velocity: W = f i kU h ei(kx—moz)—)/z dk =

Form stress: f — dx = jwp dx
=~ —l my SN 2~
b= p ikUb+ N“w =20
Equation tool kit: Po
1 dp
Du—fv=—ga Wave
Dv + fu =0 energy flux
1 ap decreases
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—+—=0
ox 0z
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Lee wave form stress

Solution for vertical
velocity: W = fi kU ii ei(kx—moz)—yz dk

F = f M e = 2 [wp dx = =
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Lee wave form stress

Solution for vertical
velocity: W =

Form stress:

Equation tool kit:

[ i kU h eitkx—moz)=vz g

o f on’ D — 1 D — 1
= Pax x_l7 wp x_zﬂ
~ _l mo n A~ 2
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Po
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P =" mokU Wave
N2 energy flux
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_ 2
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Lee wave form stress

300

N?2 _ 2
Po U|k||h| e—2vzZ s
my

- =

Energy flux =

—poN?

12 I o -
Form stress = [k||h|" =272 "

* Energy flux decays due to dissipation >0 and due to changes in mean
flow (mean-to-wave exchanges)

* Form stress only decays due to dissipation y>0 Wave
energy flux
Conclusions: decreases
* A wave can lose (or gain) energy to a mean flow without changing its | but form
total form stress | stress
* Waves do not possess momentum e.g. Mcintyre, 1981: “On the remains

[
wave momentum myth” % the same

. F?"T‘ stt:ess only decays (= force on the mean flow) if there is wave energy flux
dissipation! Form stress = i
* “non-acceleration theorem” e.g. Andrews and Mclntyre (1978)




The impact of waves (time varying flow) on the
mean flow

* Previously we came up with the mean momentum equation:

= ) =
_ \ ‘—;—._J——?._E—%*’Uv W\
EIR R ST VAR Vi
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* Rearranging we have that
= — \ Reynolds stresses
Dw —bu=-- ﬁ+mﬂlu-ﬁ°(%\ﬂ\>

* In the vertical direction this is u’w’ = vertical ‘momentum flux’
* Are we done? Does this equal the stress from the hill?



The impact of waves (time varying flow) on the

mean flow
Does —p’ /S pou'w'?

dx
Form stress Reynolds stress



The impact of waves (time varying flow) on the

mean flow
Does —p’ % = pou'w'?

Form stress Reynolds stress

\ \
ﬁ_,j \@Jﬁ\;ﬂ/d% = 1 S%& Y\\ 8\% Integrate by parts
o)
op’ Du'
Y T e e B
AR v wmla

OF, ot
Ry \J\\q\ Az w =L
= D LAY W - Dt
. gbgﬁﬁxﬁw

A ?‘Eﬂl = 0w+ 1D‘J‘\ql - WUWB No:
o 0% h



The impact of waves (time varying flow) on the
mean flow Lol oy Py = 2

5),0 T Stresson a

Stress on an z level
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The impact of waves (time varying flow) on the
mean flow

Momentum balance with stress at fixed z

’P__ ( ,,4?—4.(\)(] U\_‘q (MU)
’D'b

Momentum balance with stress at fixed isopycnal (form stress)

\B?J«'\)ﬁ w = e F

DU\ _ PV = ’?D/D—L
DJO B . 1 \T)V\ F ;
F = (\)\\\J\ b ?@Q orm stress

Residual Flow



The impact of waves (time varying flow) on the

mean flow

Momentum balance with stress at fixed z
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Momentum balance with stress at fixed isopycnal (form stress)
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The impact of waves (time varying flow) on the
mean flow

You get the same result by integrating from the bottom to some isopycnal (as you might do when
calculating the MOC in density space....)

n,
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DL Sp OL
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DJO Flow integrated from Form stress

bottom to height



What does this all mean?

Suppose we have a steady mean flow, with small Rossby number (neglect advection)
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Take a zonal average (denote by [ ]) and assume the domain is periodic (e.g. the ACC)
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What does this all mean?

Suppose we have a steady mean flow, with small Rossby number (neglect advection)
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= Wy Ww = — >
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Take a zonal average (denote by [ ]1) and assume the domain is periodic (e.g. the ACC)
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Wave (or Wind driven
eddy) driven circulation

circulation



Eddy-driven circulation TR R w\b»,w?_z}
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Abernathey, R., Marshall, J. & Ferreira, D. Dependence of southern ocean
overturning on wind stress. J. Phys. Oceanogr. 41, 22612278 (2011)
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Internal-wave driven circulation

no tide 3cm s ! tide
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Shakespeare, Callum J., and Andrew McC. Hogg. "On the
momentum flux of internal tides." Journal of Physical
Oceanography 49.4 (2019): 993-1013.
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simulations as per (24). The time average
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Ocean space-time scale diagram

slow 4 OCEAN
centuries OVERTURNING
{\Y/[o]®)]
months
What does “mean” really mean?
* Atemporal and/or spatial
scale separation!
Thus:
PERIOD * MOC is “mean flow” for eddies
or RWs
* Eddies and MOC are both
“mean flow” for IGWs and
1 day BGWs
N  |GWs are mean for SGWs
1 hour _ The same formalism can be used
in each case.
seconds ' sGWs
fast 3 >
Yo (o) ) < bi
small ~“», 0'6;, 0004 0’000 g
7 /6)7

HALF-WAVELENGTH
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